Abstract. In this article we study the problem to determine all occurring Betti diagrams of varieties X ⊂ P r of almost minimal degree, i.e., deg(X) = codim(X, P r ) + 2. We describe a realistic picture of how many different kind of Betti diagrams exist at all (Theorem 3.1). By means of the computer algebra system "SINGULAR", we obtain a complete list of all occurring Betti diagrams in the cases where codim(X, P r ) ≤ 8.
Introduction
In this article we continue the study of Betti diagrams of varieties of almost minimal degree begun in [11] and [12] .
Throughout this paper we will work with projective varieties over an algebraically closed field K of arbitrary characteristic. It is well known that every nondegenerate projective variety X ⊂ P r K satisfies the equality deg(X) = codim(X, P r K ) + ℓ for some ℓ ≥ 1. It is a classical problem in algebraic geometry to classify projective varieties X ⊂ P r K that have small ℓ values and to describe the minimal free resolution of them.
Varieties with ℓ = 1 are called varieties of minimal degree. They were completely classified more than one hundred years ago by P. Del Pezzo and E. Bertini. A variety X ⊂ P r K is of minimal degree if and only if it is either P r K or a quadric hypersurface or (a cone over) the Veronese surface in P 5 K or a rational normal scroll. Also their graded Betti numbers are explicitly known (cf. [4] , [5] , [6] , [10] ).
A variety X ⊂ P r K with deg(X) = codim(X, P r K ) + 2 is called a variety of almost minimal degree. X is either a normal Del Pezzo variety or else the image of a variety X ⊂ P r+1 K of minimal degree via the linear projection from a point outside of X. T. Fujita gave a satisfactory classification theory for normal Del Pezzo varieties from a geometric viewpoint. We refer the reader to [2] and [5] . Turning now to the problem describing the minimal free resolution of varieties of almost minimal degree, X is always 3-regular in the sense of CastelnuovoMumford (cf. [8, Theorem A], [13, Corollary 5.2] ). Therefore letting t be the arithmetic depth of X, the minimal free resolution of the homogeneous ideal I X of X over the homogeneous coordinate ring R of P When X is arithmetically Cohen-Macaulay, i.e., t = dim(X) + 1, all the graded Betti numbers of X are obtained explicitly by T. Hoa [7] . Also when X is nonarithmetically Cohen-Macaulay, there have been several partial results concerned with the minimal free resolution of X (e.g. [1] , [2] , [7] , [10] , [11] , [12] ). In particular, M. Brodmann and P. Schenzel [1] gave a complete list of all occurring Betti diagrams in the case where codim(X, P r K ) ≤ 4. However, in general, it remains open to determine the graded Betti numbers of X. Along this line, the main goal of the present paper is to solve the following problem:
Problem. Let c ≥ 3 be an integer and let X ⊂ P r K be a variety of almost minimal degree such that codim(X, P r K ) = c. 1. Describe how many different kind of Betti diagrams T (X) exist at all. 2. Provide a computational method to obtain all Betti diagrams of X by means of the computer algebra system "SINGULAR". Concerning the second question, we need to determine Betti diagram of X ⊂ P r K which is the image of a linear projection of rational normal scrolls X ⊂ P r+1 K of codimension (c+1) from a closed point outside of X. We first show that this problem is reduced to that of computing the Betti diagram of X ⊂ P r K which is the image of an isomorphic linear projection of a standard smooth rational normal scroll X ⊂ P r+1 K of codimension (c + 1) from a coordinate point in P r+1 K . This reduction enables us to solve the second question by means of the computer algebra system "SINGULAR". By using this method, Section 4 is devoted to give a complete list of all occurring Betti diagrams in the cases where c ≤ 8.
Preliminaries
Throughout this section X ⊂ P r K is an n-dimensional variety of almost minimal degree. Let c and t be the codimension and the arithmetic depth of X, respectively. If c = 1, then X is a cubic hypersurface. From now on we assume that c ≥ 2.
(2.1) If t = n + 1, i.e., X is arithmetically Cohen-Macaulay, then all the graded Betti numbers of X are obtained explicitly by T. Hoa [7] . More precisely, the minimal free resolution of X is
where
Thus the graded Betti numbers of X are uniquely determined by c. In particular, T c (aCM), the Betti diagram of an arithmetically Cohen-Macaulay variety of almost minimal degree with codimension c, is well defined.
is a variety of minimal degree and P is a closed point in P r+1 K and outside of X. Here π P denotes the linear projection of X from P . By the classification theory of varieties of minimal degree, X is either (a cone over) the Veronese surface in P (i) X is a variety of almost minimal degree and of arithmetic depth one.
is a smooth variety of minimal degree,
is a point outside of the secant variety of X and π P is the linear projection map of X from P .
K is the Veronese surface and P ∈ P Note that in (ii), X ⊂ P r+1 K is either the Veronese surface in P 5 K or else a smooth rational normal scroll by the classification of varieties of minimal degree.
(2.4) For the Veronese surface S ⊂ P 5 and a point P outside of the secant variety of S, let S ⊂ P 4 be the projected image of S from P . Since S is 3-regular and I S is generated by 7 cubic equations, one can easily check that the minimal free resolution of the homogeneous ideal I S of S over the homogeneous coordinate ring R of P 4 is
using the fact that for each degree the alternating sum of dimension of vector space is zero. In particular, since each Betti number is determined by the number of cubic generators, the Betti diagram of S is independent on the choice of P . Thus T (V), the Betti diagram of the projected image of S from a point outside of the secant variety of S, is well-defined.
be the corresponding rational normal (n + 1)-fold scroll. For a hyperplane section H of Y and a fiber F of the projection map π : Y → P 1 , let X be a smooth divisor of Y which is linearly equivalent to H + 2F . Then X ⊂ P r is a variety of almost minimal degree satisfying the followings: depth(X) = 1 and codim(X,
A crucial fact is that for any smooth divisor X ′ of Y which is linearly equivalent to H + 2F , the graded Betti numbers of X ⊂ P r are equal to those of X ′ ⊂ P r . For details we refer the reader to [12, Theorem 3.2] . In conclusion, T (b 1 , . . . , b n+1 ), the Betti diagram of a smooth divisor of Y which is linearly equivalent to H + 2F , is well-defined.
Classification of Betti diagrams
Throughout this section we keep the previously introduced notation. The aim of this section is to give a realistic picture of what Betti diagram of a variety of almost minimal degree exists at all. By (2.4) and (2.5) we have two kind of Betti diagrams of varieties of almost minimal degree which are not arithmetically Cohen-Macaulay. Here we will show that these are all the occurring cases. More precisely we will prove the following theorem by combining a result in [12] and the generic hyperplane section method. (
K is the Veronese surface and P ∈ P .4) shows that the Betti diagram of X is equal to T(V). In the latter case, there is a collection
is a variety of almost minimal degree and of arithmetic depth one. Furthermore X ⊂ P Proof. The first assertion comes immediately from Hoa's result in (2.1) and Theorem 3.1. For the second assertion, note that the set 
be the corresponding rational normal (n + 1)-fold scroll with a hyperplane section H and a fiber F of the projection map π :
) is the Betti diagram of a smooth divisor of Y which is linearly equivalent to H + 2F .
In [12] , the second author of the present paper develops a method to calculate T (b 1 , . . . , b n+1 ) by means of the computer algebra system "SINGULAR". Indeed one can construct geometrically a smooth divisor of Y linearly equivalent to H + 2F as the image of a linear projection of a smooth rational normal scroll from a coordinate point. Here we recall this algorithm shortly and then provide a complete list of Betti diagrams of varieties of almost minimal degree and of codimension c ≤ 8 by applying this method.
Step I. Consider the rational normal n-fold scroll
Then after an appropriate linear coordinate transformation we may assume that X ⊂ P r+1 K is the common zero locus of the 2 × 2 minors of the 2 × (r − n + 2) matrix
.
Step II. Let P ∈ P r+1 be the (a n + b n + 2)-th coordinate point, that is,
with α j = 0 for all j ̸ = a n + b n + 1. One can check that P is outside of the secant variety of X by using its determinantal representation in [3] . Therefore the image X b1,...,bn+1 ⊂ P r K of the linear projection of X ⊂ P r+1 K from P is a smooth variety of almost minimal degree and of arithmetic depth one. Let M ′ n be the matrix obtained by deleting the (b n + 1)-th and the (b n + 2)-th columns from M n . That is,
) .
Then the rank one locus of the 2 × (r − n) matrix
..,bn+1 satisfies all the 2 × 2 minors of M ′ and hence it is contained in Y as a smooth divisor.
Step III. X b1,...,bn+1 ⊂ P r K is 3-regular and not linearly normal. Thus it is arithmetically Buchsbaum but not arithmetically Cohen-Macaulay. Then Theorem 5.10 in [9] guarantees that X b1,...,bn+1 is linearly equivalent to H + 2F as a divisor of Y . In particular, the Betti diagram of X b1,...,bn+1 ⊂ P r K is equal to  T (b 1 , . . . , b n+1 ) .
We now turn to the problem listing all Betti diagrams of varieties of almost minimal degree up to codimension 8 by using the previous algorithm. Example 4.1. Let X ⊂ P r K be a variety of almost minimal degree such that codim(X, P r K ) = 2. By Corollary 3.2, the Betti diagram of X is contained in
T 2 (aCM) and T 2 (V) are given respectively by (2.1) and (2.4). To obtain T (1, 1), we consider the linear projection of the standard rational normal curve C ⊂ P 1) by means of the computer algebra system "SINGULAR". See Table 1 . 1 β 2,1 β 3,1 β 4 T 3 (aCM) is given by (2.1). Also we obtain T (1, 2) and T (1, 1, 1) respectively by calculating the Betti diagrams of X 1,2 ⊂ P 4 K and X 1,1,1 ⊂ P
5
K by means of the computer algebra system "SINGULAR". See Table 2 . given by (2.1) . Also the tables T (1, 3) , T (2, 2), T (1, 1, 2) and T (1, 1, 1, 1) are obtained respectively by calculating the Betti diagrams of X 1,3 , X 2,2 ⊂ P Table 3 . Varieties of almost minimal degree and of codimension 4 2 β 2,2 β 3,2 β 4,2 β 5,2 β 6,2 β 7,2  β 1,1 β 2,1 β 3,1 β 4,1 β 5,1 β 6,1 
K be a variety of almost minimal degree such that codim(X, P r K ) = 5. By Corollary 3.2, the Betti diagram of X is contained in
T 5 (aCM) is given by (2.1). Also the remaining tables are computed by means of the computer algebra system "SINGULAR". See Table 4 . T (1, 5), T (2, 4), T (3, 3), T (1, 1, 4), T (1, 2, 3) , 1, 1, 3), T (1, 1, 2, 2), T (1, 1, 1, 1, 2), T (1, 1, 1, 1, 1, 1 )}. given by (2.1) . The remaining tables can be calculated by means of the computer algebra system "SINGULAR" as explained at the beginning of this section. Our result is given in Table 5 . 1, 2, 3), T (1, 1, 1, 1, 3), T (1, 1, 1, 2, 2), T (1, 1, 1, 1, 1, 2) , 1, 1, 1, 1, 1, 1 )}.
T 7 (aCM) is given by (2.1). The remaining tables can be calculated by means of the computer algebra system "SINGULAR". Our result is given in Table 6 and Table 7 . (1, 1, 1, 1, 1, 1, 1 T (1, 7) , T (2, 6), T (3, 5), T (4, 4), T (1, 1, 6), T (1, 2, 5) , 3, 4), T (2, 2, 4), T (2, 3, 3), T (1, 1, 1, 5), T (1, 1, 2, 4), T (1, 1, 3, 3) , 2, 2, 3), T (2, 2, 2, 2), T (1, 1, 1, 1, 4), T (1, 1, 1, 2, 3), T (1, 1, 2, 2, 2) , T (1, 1, 1, 1, 1, 3), T (1, 1, 1, 1, 2, 2), T (1, 1, 1, 1, 1, 1, 2) , T (1, 1, 1, 1, 1, 1, 1, 1 )}.
T 8 (aCM) is given by (2.1). The remaining tables can be calculated by means of the computer algebra system "SINGULAR". Our result is given in Table 8 and Table 9 . 
